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Abstract 

We consider a gas of quasi-free quantum particles confined to a finite box, subjected to 
singular magnetic and electric fields. We prove in great generality that the finite volume 
grand-canonical pressure is analytic w.r.t. the chemical potential and the intensity of the 
external magnetic field. We also discuss the thermodynamic limit. 
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1 Introduction and the main result. 



The quest for rigorous results concerning the thermodynamic limit of the magnetic susceptibility 

of a gas of quasi-free quantum particles in the presence of a magnetic field started in 1975 with the 

i-G . work of Angelescu et. al. [B [2] ■ Their method used in an essential way that the confining domain 

was a parallelepiped, the Hamiltonian was purely magnetic and the susceptibility was computed 



r^ . at zero magnetic field. 



In a series of papers |13[ 13 |51 IHl [TSJ [H] we gradually removed these constraints, and now we 

know how to prove the thermodynamic limit for generalized susceptibilities at arbitrarily large 

magnetic fields, and with smooth and periodic electric potentials. This achievement was possible 

due to a new idea, which led to the development of a systematic magnetic perturbation theory for 

CN ' Gibbs semigroups. 

In this paper we examine the case in which both the magnetic field and the electric potential can 

have singularities, such that the magnetic and scalar singular perturbations are relatively bounded 

ly-N , in the form sense with respect to the purely magnetic Schrodinger operator with constant magnetic 

field. 

I/-^ , There is a huge amount of literature dedicated to spectral and statistical aspects of diamag- 

(^ ' netism in large quantum systems. Some of the closely related papers to our work are [HlHl fTUlfT^ 

o: [Ulllllll]. 

Now let us introduce some notation and give the main theorem. Consider a magnetic vector 
potential a — (01,02,03) = ac -I- a^ where Bac :— ^e x x, e = (0,0, 1) is the usual symmetric 
Lj ■ gauge generated by a constant magnetic field B = Be, B > and ap is Z^-periodic satisfying 

r^ , |ap|^ £ ICioci^^)- The notation ICioc denotes the usual Kato class [HIISD]. Relations between these 

C^ ' assumptions on magnetic potentials and related choices of periodic magnetic fields are discussed in 

|24) . Assume that V is also Z^-periodic such that V £ ICioc(R'^)- Later on we will give a rigorous 
sense to the operator (here to := eB/c G R) 

H^iiv,V):=^{-iV-u;af + V 

corresponding to the obvious quadratic form initially defined on C^(M'^). If A is a bounded open 
and simply connected subset of R'^ we denote by Ha{uj, V) the operator obtained by restricting 
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the above mentioned quadratic form to C^(A). We will see that Ha{^,V) has purely discrete 
spectrum. 

Let oj G K and /3 ;= -rp^ > 0, where T > is the temperature and ks is the Boltzmann 
constant. Set eg = eo(w) to be mi a{Hao{^, ^))- Introduce the following complex domains 

D+,ieo):^C\{-oo,~e/^% D.^ieo) := C\[e^''° ,00) (1.1) 

The grand canonical finite volume pressure is defined as [I] |31 [52] 

Pa(/3, c., z, e) = ^Tri.(A){ ln(I + eze-^^-^'^'^))} (1.2) 

where e = +1 corresponds to the Fermi case and e = — 1 corresponds to the Bose case. In (|1.2p 
the activity z G D^{eo) R. The operator ln(I + eze'^""'-'^'^^) in the right hand side of pT^ is 
defined via functional calculus. Due to some trace class estimates which we will prove later on 
(see (12.12^ "). the pressure Pa in p. 21) is well defined. Define the following complex domains 

D,:^ f]D,{eo{io)) = D,ieo{0)), e = ±1 (1.3) 

Now we can formulate the main result of this paper: 

Theorem 1.1. Let /3 > 0. 

(i). For each open set K (Z C with the property that K is compact and included in D^, there 
exists a complex neighborhood M of the real axis such that AfxK 3 {uj,z) 1— > P\(f3 , io , z , e) is 
analytic. 

(ii). Let cj G M and choose a compact set K C De(eo(w)). Then uniformly in z £ K 

Poo(/3,ii^,z,e) := lim Pa(/3, w, z, e) 

A^R3 

exists and defines a smooth function ofuj. 



In Theorem 11.11 (ii), we take the large volume limit in the sense defined in the section 3.4 
below. 

The rest of the paper contains the proof of this theorem. While (i) and the first part of (ii) 
will be proved quite in detail, we only outline the main ideas leading to the smoothness of Poo, all 
details will be given in [2U] . 

2 Technical preliminaries. 

Define the sesquilinear non- negative form on C^(A) given by (here w G M): 

qoiv.i') := -((-iV-wa)(^, (-iV-wa)'0) 

By closing this form we generate a self-adjoint operator denoted by H\{uj, 0), whose form core is 
C(j"(A), see e.g. [5j[30]. For convenience we represent this operator as Ha{uj, 0) = !(— iV — wa)^. 
If A = R'^, the corresponding free magnetic operator is denoted by i?oo(w,0). If a is smooth 
enough, then Ha{^, 0) can be seen as the Friedrichs extension of iJoo(w, 0) restricted to C^(A). 
The operator H\{uj,0) obeys the diamagnetic inequality [^150]. 

yip G L\A), V/3 > 0, le-'^^^^^^oVl < e-^"'^'-"'°^ip\ (2.1) 

We will work with electric potentials V G ICiodR^) which are Z"^ periodic. We denote the restriction 
of y to A by the same symbol. 

It is known that V is infinitesimally form bounded to i?A(0, 0) [TB], and implicitly to Hiy{ijJ, 0); 
the last statement follows by using standard arguments involving the diamagnetic inequality (|2.ip 



(see [5] and references herein). We conclude that the closure of the sesquilinear form defined on 
C^ (A) and given by 

qvi^,ip) := -((-iV-wa)i^, (-iV-wa)^') + {Vip,ilj) 

will be symmetric, bounded from below and with the domain Q{qv) — Qiqo)- We denote by 
Ha{uj, V) its associated selfadjoint operator in L^{A). 

The diamagnctic inequality (|2.ip holds true if we replace the free operators by the perturbed 
one H\{uj, V) and Ha{0, V), see e.g. [23]. This together with the min-max principle [2H] imply: 

Eo{uj) ■.= mia{HAiLo,V)) > eo(a;) -.^ mi a{H^{uj,V)) > eo(0) > -oo. 

Remark 2.1. The operators 7Joo(w,0) and Ha{u!,0) can be defined under weaker conditions on 
a see e.g. [SI [Ml IHl 130] but the one imposed here will be necessary in what follows. When we 
work with a bounded A, the form domain of Ha{u}, V) will be Ho(A), independent of w and V. If 
A = K'^, then under our conditions on V and a the operator Hoo{^, V) is selfadjoint and bounded 
from below having C^(M^) as a form core. 

In the rest of the section we only consider the operator defined on the finite box. We allow 
w £ C and want to study the analyticity properties of the family {Ha{uj, V),ui G C}. 

Proposition 2.2. Under conditions given above then {H\{uj,V),io £ C} is a type (B) entire 
family of operators. In particular Hf^{uj, V),LjJ £ C are sectorial operators with sector: 

S{uj) := {S, e C, llmfl < |wi|(ciRce + C2), Rce£ [c3,+oo)} (2.2) 

where the constants ci,C2,C3 satisfy: < ci,C2 < oo and — cxd < —cijcx < C3 < eg. 

Proof. Denote by T either ^ or a^. Let wq £ R and (p £ Q{qv)i Hv^H = 1- Then we know that for 
all cr > there exists a' independent of loq such that 

\{Tip,ip)\<a{HAiiOo,V)ip,ip)+a' (2.3) 

Let us show that the following two sesquilinear forms 

ri,A(wo) := Rc{a ■ {iV + woa)}, ra^A := ^ ^^ (^-'^^ 

are infinitesimally form bounded relatively to the form corresponding to H\(uJo, V). 

Let ClIq £ I^ and let ip £ Q{qv), \\y^\\ = 1- The Cauchy-Schwarz inequality implies that for any 
a > we have: 

\{aLp,{iV + ujoa)(p)\ < a{HA{uJo,0)ip,ip) + a~'^{a^ip,ip) 

< a(i?A(wo, V)ip, if) + a\ {Vip, (^)l + a-^s?^, tp) (2.5) 

In view of (|2.3p . then for all ^ > there exists d' > both cj-independent such that 

|(a(^,(^V + c^oa)^)| <'d{HA{iUQ,V)p,,ip)+d' (2.6) 

This implies that the form ri_A('^o) is bounded when restricted to the form domain of Ha{i-Jq, V) 
and moreover, it generates an operator with zero relative form bound. This property also holds 
for the form r2,A- 

Now if a; £ C, denote dio := u — ujq and observe that we have in the form sense: 

rA{ujQ, u>) -.^duj ri^Ai^o) + duj^r2,A, Ha{uj,V) = Ha{u!q,V) + rAioJo^ui) (2.7) 

We conclude that the form domain oi Ha{uj, V) is independent of w: Q{Ha{uj, V)) = Q{Ha{0, V)). 
Notice that (|2.7p can be extended for ujo,uj £ C. We will now show that {Ha{oj,V),uj £ C} is 



a family of m-sectorial operators. Both properties ensure that {H/^{uj,V),lu G C} is an analytic 
family of type (B) (see e.g. [26]). 

Fix oj e C with Rcuj = cuo, Imcj = cji and let cp G Q{Ha{i^q,V)), \\(p\\ = 1. Using (|2.3I) . we 
conclude that for all a > small enough such that crwj < 1 there exists a' such that: 

2 2 

Rc{Ha{u, V)ip, if) - (i/AK, V)ip, if) - Y(aV, <^) > (1 - ac^?/2)(i/AK, ^)<P, ¥>) - y^' (2.8) 



On the other hand, from (|2.6p we conclude that there exist two constants '&,'&'> such that 

Im(i7A(w,y)^,(^)| = |wlRe(a¥.,(^V + cJoa)^)| < \uji\{d{HA{iUo,V)ip,^) + ^') (2.9) 

Let Q{Ha{ll!, V)) be the numerical range of Ha{ll!, V). Then from (j2.8p and (|2.9p we obtain that 
both Q{Ha{uj, V)) and a{HA{uj, V)) are included in the sector ((2?2|) . D 

Remark 2.3. (i). Note that ci,C2,C3 in (|2.2p depend implicitly on a; through the condition 
(To;^ < 1. If cji is small enough, then these constants can be chosen to be w independent. Moreover, 

let cjQ e K and w G C such that \duj\ is small enough. Then for all (p G Q{H\{uj, V)), \\ip\\ = 1 

Re(ffA(w, V)ip, V?) > C3 > eo(cjo) + 0(|dw|). 
(a). Let w G C. From l26] we know that if ^ ^ S{uj), \\{Ha{uj,V) - ^y^\\ < 2{ts)- Hence put 
7(0;) = 7 := — C2/C1 and 0(cj) = := arctan(c|wi|). For any 5 > Q introduce the sector 

Ss{u) := {e G C, I arg(e ~l)\<e + 5} (2.10) 

Then there exists a constant c^ > such that for all ^ ^ 5a-(w) we have 

||(ifA(c.,F)-0-'ll<^^- (2.11) 

CiMJ. The operator Hiy{id,V) has compact resolvent (see e.g. [HI HZ]). By standard arguments 
this also holds true for H\{lu, V), u G C [26l. Hence H\{uj, V) has only discrete spectrum. 

We are now interested in establishing Hilbert-Schmidt and trace norm estimates for powers of 
the resolvent at finite volume. Denote by Bi the set of trace norm operators, and by B2 the set 
of Hilbert-Schmidt operators defined on L^(A). We denote by ||r||i and ||T||2 the trace norm, 
respectively the Hilbert-Schmidt norm of the operator T. 

For ;3 > and w G M, let 

Wa{I3,u;) = Wa{/3,u;,V) -.^ e-P"^^^^""^ 

be the strongly continuous semigroup associated to Ha{uj,V) on L'^{A) see for example [^ [M] 
for the definition and general properties of a semigroup. 

Lemma 2.4. There exist two positive constants cq and Co such that for every f3 > and cj G K. 
we have that WAi/3,i-u) is a positive trace class operators obeying: 

\\Wa{I3,uj)\\, = TrL2(A){WA(/3,c^)} < Cor^/^cCo^lAj. (2.12) 

Moreover, its Hilbert-Schmidt norm satisfies 

||M^A(/3,c.)||2<co/3-^/^e^°^|A|i (2.13) 



Proof. From [S] we know that the semigroup is an integral operator: 



(M/a(/3,c.)^)(x) = / GA(x,y,/3,w)^(y)dy, ip G L^(A). 

JA 

Moreover the integral kernel Ga is jointly continuous in (x, y, /3) 6 A x A x M.*^_ and satisfies 

|GA(x,y,/3,Lj)| < co^^^/^e^o^e V , (x,y,^,a;) eAxAxM;xK (2.14) 

for some positive constants co,Co which only depend on the potential V. This result comes from 
the monotonicity property of the semigroup and some generalized diamagnetic estimate [H 130] • 

The proof of the lemma follows easily from (|2.14[) . Note that the use of (|2.14l) is important in 
order to get the explicit /3-dependance of quantities involved in the lemma. D 



We are now interested in obtaining similar estimates for powers of the resolvent. Let a > 0, 
w g M, ^0 G C, Re^o < eo(w). As bounded operators on i^(A) we have [24ll30] 

1 1"°° 
{HA{uj,V)-^or" = —- r~^e^'>'WAit.oj)dt (2.15) 

7(a) Jo 

where 7(-) is the Euler gamma function. In particular from (|2.12p and (|2.13|) for Re^o < and 
I Re ^0 1 large enough there exists a constant c > independent of w G R: 

||(i/A(c^,y)-eo)"'||2<c|A|^ and ||(i/A(c^, V^) - eo)"'||i < c|A|. (2.16) 

3 Proof of the main theorem. 

3.1 w-analyticity of resolvents. 

The first technical result is the following: 

Proposition 3.1. Let w G C and ^ G p{H\(lo,V)). Then there exists a complex neighborhood 
V^{ijj) of to such that ^ G p{H\{lu' , V)) and the operator valued function V^{uj) 3 uj' t-^ {H\{ll:' , V) — 
C)~^ is B2- analytic. 

Proof. Let a; G C. First we choose ^0 < negative enough so that ^0 G piHAi^^iV)). Such a 
choice is possible because i?A(w, V) is m-sectorial. 

It is a well known fact [57] that since the perturbation r\{0,uj) (see (|2.7p ) is relatively form 
bounded to Ha{0,V) with zero bound then for ^0 < with |^o| large enough there exists some 
complex neighborhood of uj denoted by i'(w) such that for all uj' G v{uj) one has: 

||(i/A(0, V) - eo)-'/'rA(0, c^')(^a(0, V) - eo)-^/'|| < 1. (3.1) 

Set K{^o,io') := {Ha{0,V) - ^o)-^/'^rA{0,io'){HA{0,V) -^o)'^^^- From the estimate dSI]) we 
conclude that Vw' G i^{io), ^0 G p{Ha{'-^' ^ V)) and 

{Ha{oj\ V) - Co)-' = {HA{i\ V) - Co)-'/'(I + A-(eo, lo'))-\Ha{Q, V) - ^oY^'^- (3.2) 

holds in the bounded operator sense. And since oj' G vi^-o) -^ K{^o,uj') is analytic, it follows that 
the bounded operators valued function to' G i^{(-o) ^ (I + K{^o,lu'))^^ is analytic too. 
On the other hand, from p.2p we have 

\\{HA{uj',V)-^or'h<\\{l + mo,u:'))-'\\\\{HA{0,V)-^o)-'\\2 

which together with (|2.16p . it shows that w' G !^(w) — t- {Ha(oj' ,V) — ^0)^^ is a Hilbert-Schmidt 
family of operators in w' G v{uj). Now it is straightforward to prove the theorem for such a ^o- It 
remains to extend the i32-analyticity property for any ^ G p{Ha{uj, V)). 



Let ^0 as above and consider the first resolvent equation 

(HAiij, V) - e)-^ - (Ha(c^, V) - Co)"' + (e - ^o){Ha{lu, V) - 0''iHAiLj, V) - &)"' (3.3) 

Since there exists a bounded complex neighborhood V^{uj) of w such that the operator- valued 
function V^(a;) 9 w' M- {Ha{uj', V)—£,)^^ is bounded-analytic, by standard arguments involving the 
bilateral ideal property of B2, the operator- valued function w' 1— >■ {H\{uj' , V) — Cl~^ {H /^{u' , V) — 
^o)~^ is i32-analytic on V^(a;) fl J^(a;). Now use p.3p and the proof is over. D 



Corollary 3.2. Let w € C and ^ G p(ifA(w, V^)). T/ien there exists a neighborhood V^{uj) of lj 
such that the operator valued function V^(a;) 9 a;' ^->- {H\(lu' , V) — S,)~'^ is Bi-analytic. 

Proof. From Proposition 13 . II we have that {H\{lu, V) — £,)^'^ is a product of two Hilbert-Schmidt 
operators. Thus {Ha{uj,V) — ^)^^ is trace class. Then by a direct calculus we can check the 
statement of the corollary. D 



Now we consider Wa{P,u!), oj e R. Wc want to extend Wa{13,uj) to complex tu's and in trace 
class sense. We will use the fact that the operator H\{uj, V) is 77i-sectorial: 

Corollary 3.3. Let /? > 0. The family {Wa(/5, w),aj G M} can be extended to a Bi entire family 
of operators. 

Proof. Let /3 > 0, w G C Consider the curve in C given by F := {^ e C : | arg(^ ~ 7')l = ^ + e} 
where 7', e are chosen such that 7 — 7' = 1 and -\- e < ^. Here 7, 6 arc given by the Remark 12.31 
ii). The curve F encloses the spectrum of Ha{^' , V) for all w' in a neighborhood of oj, J^(a;). From 
the Dunford functional calculus [T7], the following relation holds in terms of bounded operators: 

Wa{/3,uj'):=^J d^e-l'i{HA{u:',V)-0~\ to' E iy{u) (3.4) 

This shows that the semigroup can be extended to a bounded operator for every complex w'. We 
now want to show that this formula defines in fact a trace class operator. Choose ^0 G C with 
Re^o < and | Re^ol large enough so that fo G p{Ha{oj' , V)) for any w' £ i^(i^). Using twice the 
resolvent formula p.3p in (j3.4p we obtain the identity: 

Wa{P,u:') = ^ f d^e-f'^{^^Cor{HA{u:',V)^0-\HA{u:',V)~^,)-\ J E v{^) (3.5) 

From the choice of F, the bounded operator valued function v{lu) 3 lu' ^ {Ha{i^' ,V) — £,)~'^ is 
analytic for all ^ G F, and all norm bounds arc uniform in .J G F. Moreover, from (j2.11[) we conclude 
that there exists a constant C > such that ||e-«(C-6o)^(i?A(w', V)-^)-^\\ < C\ Re^pe"''^'^*. 
Therefore 

K^) 3 ^' ^ / d^^'^^'H^ - eo)'(i?A(^', V) - c)-i 

is bounded analytic too. Hence from Corollarv 13.21 and (|3.5p the operators valued function i'{uj) 3 
Lu' -^ WaW.co') is Bi-analytic. Thus WaW, ■ ) is Bi-cntire. D 



3.2 w-analyticity of the pressure. 

Let /3 > 0, w G M and z G D^ie^) n M. Define 

[eo(a;), oo) 9 ^ i-^ In (l + eze^^^) 

We have that the map (z, f ) h-;> In (l + eze^*^^) is jointly analytic in 

{(z,0 eCxC : |z|e-^«°« < l} (3.6) 

but this is not sufficient and we also need to control the region in which Re ^ is close to the bottom 
of the spectrum. Let /3 > 0, a; e M, — oo < Gq < eo = eo(aj) and consider the domains D^ie!^) 
defined as in (jl.l|) but with Gq instead gq. Then: 

Lemma 3.4. Let /3 > 0, w G M and — oo < Gq < gq. For each compact K C ^^(gq) f/ierc exists 
rjK > swc/i that (z, ^) i-^ In fl + €ze~°^) is jointly analytic in 

/v x{eGC : Imee(-^,^), Re^eK,oo)} (3.7) 

// K' is a compact subset such that K' C K then rj'j^ > rjK ■ 

Proof. We first deal with the Bose case. Here B{r) is an open ball in C centered at the origin 
having radius r > 0. Obviously (z,^) t-^> In (l + ezG^'^^) is a jointly analytic function in Re^ G 
[cQ(aj), oo), z G B{e'^'^'o). Let X be a compact of Z)_i(gq) and denote hy K = K \ B{e^'^'°). Let 

e„, := inf{arg(z), z G A'}, Om ■= sup{arg(z), z & K} 

Because dist(Ar, [g'^'^o, oo)) > 0, then < e'„ < 6*^/ < 27r. We set i]k := \\ni{e^,2TT - Om}- 
Clearly for z G A' and Im^ G h^,^], < %^ < argz - ^Im^ < tt + ^ < 27r then 
Im(l — ze~^^) = iff argz — /3Im^ = tt but in this last case Re(l ~ ze~^^) > 0. 

For the Fermi case we get the lemma following the same arguments as above. Let i^ be a 
compact of £>+i(6o) and denote hy K = K \ 5(6^*^0). Let 

6m := sup{arg(z),z G Ar,arg(z) > 0}, 6i^f := inf{arg(z),z G K,aTg{z) < 0} 

We set riK := ^ infJTr - e'„,7r + 61m}- Clearly for z G K and Im^ G h^,^], -tt < -f + %- < 
argz — /3Im^ < f + %- < ti" then Im(l + ze^'^^) = iff argz — /3Im^ = but in this last case 
Re{l + ze-^^) > 0. 

□ 



Proposition 3.5. Let /3 > 0, wq G M and K C £'c(6o(wo)) a compact subset. Then there exists a 
complex neighborhood V(cl'o) o/ wq such that for any z G K, the pressure is an analytic function 
w.r.t. Lo in V(ajo)- 

Proof. Let wq G K, and K C De(co), Cq = eo(wo) be a compact subset. Then there exists Cg 
satisfying — oo < Gq < gq such that K C D(:(co). Consider now the following positively oriented 
contour defined by 



TK:^[Rc^^e'^, Im^e[-||,||]}u{ReeGK,eK), |Imei = ||}u 

{ReC>CK, arg(c-e/fTi||)=Tj} (3.8) 



where i]k > is given by p.7p : £,k is chosen so that ^k > gq and satisfies the condition p.6p i.e. 

sup{|z|}e-^^<=-' < 1 if RcC > ^K 
zeK 

Recall the domain of analyticity of ^ i-^ In (l + eze~^^) defined by lemma [?^ knowing (|3.6p . 
Then Tk is enclosed in this domain of analyticity. 

Let B{ojo, r) be an open ball in C centered at wq and radius r > 0. If r is small enough then for 
a; € B{uJo, r), the spectrum of Ha{uj, V) as well as the sector S{uj) defined in (|2.10p for Re ^ > ^k 
together lie inside Tk- To see this we use the Remark 12.31 i). 

For P > 0, z E K and w G B{LUo,r) consider the following Dunford integral operator [T7] 

I{f3, 2, c.) := ^ / dC In (1 + eze-^«) (i7A(c^, F) - C) "' 

The above integral converges and defines a bounded operator due to the exponential decay of 
In (l + eze~P^^ in Re^ and because of (|2.11l) . 

Again here the choice of the contour implies that if r is small enough then for each ^ € Tk the 
bounded operator valued function Z5(a;o,r) 3 w i-^ {Hf^{ijj,V) — ^) is analytic. Therefore for r 
small enough {/(/3, z,aj), a; G B(a;o,r)} is an analytic family of bounded operators in L^(A). By 
analytic continuation we conclude that 

/(/3,z,w) = ln(l + ezVFA(^,a;)) 

for all u) G B{ujQ,r) because the equality holds for real oj. 
Now choose a ^o with a very negative Rc^o- Then we get: 

ln(l + ezW^A(/3,c^)) = l^j^ d^ (C - Co)' In (l + e^e-^«)(i7A(w, F) - e)"') (i^A(c^, V) - Co)"' 

_ (3.9) 
This implies that if r is small enough, the family {/(/3, 2,0;), uj G ;B(ajo, ?')} is also analytic in the 
trace class topology. The proof is over. D 



3.3 Proof of the analyticity w.r.t u and z. 

Recall that the Hartog theorem [5D], implies the joint analyticity once we know the analyticity 
w.r.t. each variable separately. 

Put V := U^ gjjV(ajo)- Then from the Proposition 13.51 for any z € K the pressure is an 
analytic function with respect to w in V. This is the first thing we need in order to apply the 
Hartog theorem. 

Now let /? > and K as in the theorem. We want to show that there exists a neighborhood of 
the real axis M such that for any uj G A/", the function K ^ z \~^ Pa{I3,u!, z, e) is analytic. 

We use formula p.9p but with Gq < eo(0) in the definition (j3.8p of F^. The only thing we 
have to show is that for w G C, Imoj small enough the Bi-operator valued function F^ 3 ^ — > 
{H\{uj) — ^) (^Ha{lu) — ^0) is uniformly bounded for Re^ large enough. But this is true since 
(|2.1ip implies that ^ G Tk — > \\{Ha{uj) — ^) |[ is uniformly bounded for Re^ large enough and 
we know that (^Ha{uj) — ^0) G B-i- The proof is over. D 

For /3 > 0, Wo G K and z G -De (eg), the grand canonical generalized susceptibilities at finite 
volume are defined by 



xi^(/3,L.o,z,e):=(-) ^-^iP,LOo, z,e), N e N* (3.10) 



c dujN 



By Proposition 13.51 XAiPi^^o, z,e) are well defined. In the physical literature (see e.g. [22)j 
the cases TV = 1 and N = 2 correspond respectively to the grand canonical magnetization and 
magnetic susceptibility per unit volume. Moreover 

Corollary 3.6. Let /3 > and N > 1. For each open set K with the property that K is compact 
and K C D,:, there exists a complex neighborhood J\f of the real axis such that M yiK 3 (lu, z) i— > 
X/[ {(3 , ijJ , z , e) is analytic. 

3.4 The thermodynamic hmit. 

Now assume that the domain A is obtained by dilating a given set Ai C M.^ which is supposed to 
be bounded, open, simply connected and with smooth boundary. More precisely: 

Al := {x e S.^ : x/L G Ai, L> 1}. 

Assume that the electric potential V belongs to ICioc and is 7/^ periodic, and denote its ele- 
mentary cell with n. We also assume that the magnetic potential a can be written as ac + a^, 
where slc is the symmetric gauge given by a constant magnetic field (thus has a linear growth), 
while |app belongs to JCioc and is Z^ periodic. Let xn denote the characteristic function of the 
elementary cell. 

Let a; G M. Introduce the integrated density of states (IDS) defined as the following thermo- 
dynamic limit if it exists. Let £' £ M and N{E) denotes the number of eigenvalues of the operator 
H\{uj, V) smaller than E counting with their multiplicity. 

p{E) := lim ^. (3.11) 

Let P(/) the spectral projector associated with the operator Hoo{(jJ,V) on the interval /. Then 
we have [13 [^ 

Proposition 3.7. Under the condition stated above then the IDS of Hoo{ijJ,V) exists and for 
almost all E ^M. 

P(^):= pTrL.(M3)(xnP(E)) (3.12) 

where P(E) :=P(-oo,E]. 

This last proposition allows us to compute the thermodynamic limit of the pressure. Recall 
that we have shown that the pressure at finite volume for cj G M, /3 > 0, and z G A' where K is a 
compact subset of De(eo) can be expressed as: 

PA,(/3,c^,z,e)^ 7 | TrL^(A.) / d^ \n{l + eze-^^){HA,{u;,V) - ^y' (3.13) 

Let u! real, define [TS] : 

Poo(/?,w,z,e) = — ^Tri2(R3) / d^h-i{l + eze-^%n{H^iuJ,V)^Cy\n 
2fiTr\n\ ' Jy^ 

The above integral defines a trace class operator on L^(]R'') because after a use of the resolvent 
identity we can change the integrand into: 

(e - ^o) In (1 + eze-^«)xo(i?oo(w, V) - C)"'(i?oo(^, V) ~ eo)"'xn 

where ^o is some fixed and negative enough number. Using the Laplace transform and the proper- 
ties of the semigroup e^*^°° one can prove that xn(^oo('^) V) — C) and (iJoo('^, V) — ^o) Xn 
are Hilbert-Schmidt operators whose norms grow polynomially with Rc^. 
Then we have: 



Theorem 3.8. Let cj G M, /? > and K C Z?c(eo) a compact set. Under the same condition as 
above then uniform,ly in z ^ K 

lim PAjAw,z,e) = Poo(/3,w,z,e). (3.14) 

Proof. Define (^, z) ^^ /(^, z) = /(^, /3, z, e) := In (l + eze~^^) . First recall the well known formula 
(see e.g. [TT|) which holds if the IDS exists 

lim PAi,(/3,a;,z,e) = Poo(/3,w,2;,e); Poo(/3, w, z, e) = -- / ff{S„z)p{^)dC 

Then by using Proposition 13.71 and the fact that {xoP(E),E € K.} is a family of trace class 
operators we get 

Poo(/3, w, z, e) = -^ ^ 4(e, z)Tri.(K3)(xoP(C))dC = ^TrL^(R-^) (x^ ^ f(^' z)dP(C) 

So by the spectral theorem 

Poo(/3,a;,z,e) = — — Tri2(R3)(xa/(ffoo, ^)) 

and then by using again the Dunford integral representation |17j the theorem follows. D 

The fact that uj must be real is an important ingredient of the proof of (j3.14[) where one 
extensively uses the gauge invariance of the operators and the fact that Hrx, commutes with the 
magnetic translations generated by Z^^. It is shown in [22 that if ac = i.e. the magnetic vector 
potential is periodic, then the limit in (j3.14p holds true for every a; is a small ball around every 
Wo € K, provided that z and /? arc fixed. The explanation is that the analyticity ball in uj which 
we have constructed for each P\j^ would be independent of L. If Cr{uJo) denotes the positively 
oriented circle with radius r and center at wq, then for any real w inside Cr(wo) and for r small 
enough we can write: 

If PaA^') , , J, f . Nl f PaJwQ , , 

27" Jc^ujo) w' - w 27rz Jc,(„„) (w' - a;)^+i 

The last integral representation of x^ {'^) tells us that if the pressure admits the thermodynamic 
limit, the same property holds true for all generalized susceptibilities. Thus the existence of the 
thermodynamic limit of the generalized susceptibilities follows easily if there is no linear growth 
in the magnetic potential generated by the magnetic field. 

If B.C is not zero, then the above argument breaks down because r (the analyticity radius in lo 
of Paj^) goes to zero with L. In fact one cannot hope to prove in general that Poo is real analytic 
in cj, although one can prove that it is smooth in w £ M. In order to achieve that, one needs to 
use the magnetic perturbation theory methods developed in [TSl [3 [HI E] • Complete proofs will be 
given in [29] . 

3.5 The canonical ensemble. 

Let po > be the density of particles. The number of particles in the finite box A is TVa = Po|A|. 
For /3 > 0, cjo G IK and po > fixed, define the finite volume Helmholtz free energy (see [12|) as 

/A(/3,po,wo,e) := -- In (Za(/J,po, wq, e)) (3.15) 

where Z\(/3, pQ,u;o) > stands for the canonical partition function. 

As a consequence of Theorem 11.11 we have: 
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Corollary 3.9. Let /3 > and po > 0. Then there exists a complex neighborhood of the real axis 
M. such that the the Helmholtz free energy M 3 uj ^^ f f^[l3 , p^ , uj , e) is analytic. 

Proof. For all wq £ R, the canonical partition function is related to the grand-canonical pressure 
by (see [l3]) 



1 /■ , 1 



ZA(^,Po,'^o,e) -^ 77— dz 



2i7r ,/c ^ 



g^p{-^Pa{Pi^o,z,<^)) 



Na 



(3.16) 



where C is a closed contour around and included in the analyticity domain D^ of the function 
z — >■ Pa(/3, Wo, z, e). From Theorem ll.il there exists a complex neighborhood A1' of the real axis 
such that M' 9 w h-> Zt^[(3,p(j,uj,e) is analytic. Since Za{/3, po,ijJo,^) > for all ujq e M, then by 
a continuity argument, there exists a complex neighborhood Ai of the real axis such that for all 
cj e M, ReZ\{(3, po,uj, e) > 0. Then the corollary follows. D 

For (3 > 0, po > and ojq G M. the canonical generalized susceptibilities at finite volume are 
defined by 



m2{(3,po,u;o.e):^-—l-\ ^-^(/3, po, wo, e), NeN* (3.17) 

By Corollary 13.91 m.^{l3, pQ,ujo,e) are well defined. Moreover: 

Corollary 3.10. Let /3 > 0, po > and N > 1. Then there exists a complex neighborhood M. of 
the real axis such that A^ 9 a; t— >■ m^{f3, po, ut, e) is analytic. 
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